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In this paper, we discuss the effect of a periodically driving circularly polarized laser beam in the
high frequency limit, on the band structure and thermal transport properties of type-I and type-II
Weyl semimetals (WSMs). We develop the notion of an effective Fermi surface stemming from the
time-averaged Floquet Hamiltonian and discuss its effects on the steady-state occupation numbers of
electrons and holes in the linearized model. In order to compute the transport coefficients averaged
over a period of the incident laser source, we employ the Kubo formalism for Floquet states and show
that the Kubo formula for the conductivity tensor retains its well known form with the difference
that the eigenstates and energies are replaced by the Floquet states and their quasi-energies. We
find that for type-I WSMs the anomalous thermal Hall conductivity grows quadratically with the
amplitude A0 of the U(1) gauge field for low tilt, while the Nernst conductivity remains unaffected.
For type-II WSMs, the Hall conductivity decreases non-linearly with A0 due to the contribution
from the physical momentum cutoff, required to keep finite electron and hole pocket sizes, and the
Nernst conductivity falls of logarithmically with A20. These results may serve as a diagnostic for
material characterization and transport parameter tunability in WSMs, which are currently the
subject of a wide range of experiments.
Weyl Semimetals (WSMs) have been identified as ma-
terials with nontrivial topological structure having a va-
riety of physical properties stemming from a Hamilto-
nian possessing a gapless spectrum with at least one of
the time reversal and inversion symmetries broken [1–4].
The minimal model, obtained by breaking time reversal
symmetry, consists of a Dirac-like dispersion around two
distinct points in the first Brillouin zone, where the con-
duction and the valence bands touch. These Weyl points
or Weyl nodes are topological charges acting as a source
or a sink for Berry curvature [2, 5, 6], as reflected by their
occurrence in opposite chirality pairs, and by contrast,
the inversion symmetry breaking minimal model requires
four Weyl points [1, 4]. Such materials, classed as type-I
WSMs, exhibit a number of phenomena including chi-
ral magnetic waves [7], chiral anomaly induced plasmon
modes [8], and chirality induced negative magneto resis-
tance [9]. The addition of a SO(3,1) symmetry breaking
term to the low energy Hamiltonian coupled to the mo-
mentum leads to a tilt in the dispersion. For sufficiently
large tilts, it can be shown [1, 10] that a Lifshitz phase
transition occurs, leading to a new phase i.e. type-II
WSMs, with different physical properties. Type-I WSMs
have a single Fermi surface, whereas in type-II WSMs,
the Fermi surface splits into two, one each for electrons
and holes, such that the density of states at each Weyl
points is finite. Reports on the experimental realizations
of type-I Weyl semimetals have been presented in [11, 12],
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and it was shown in [13] that WTe2 is a possible experi-
mental candidate for the type-II WSM phase.
Light-matter interactions allow for an effective mech-
anism to create steady state exotic phases of matter,
and to this end, Floquet engineering is a novel ap-
proach which can be implemented on ultrafast timescales.
The essence of Floquet theory lies in simplification of a
time dependent problem to an effective time independent
form, and it is used to diagnose the behavior of physical
observables in different phases [14–16]. The use of a high
frequency (ω) laser field, which is not directly involved in
any electron transitions, but is associated with the virtual
photon absorption and emissions, leads to a plethora of
interesting effects in photonic crystals [17], graphene [18],
silicene [19] and topological insulators [20–23, 26–30].
Additionally, the high frequency limit (HFL) permits a
perturbative expansion of the infinite dimensional Flo-
quet Hamiltonian in powers of 1/ω [the high frequency
expansion (HFE) or Van-Vleck expansion], leading to a
finite dimensional effective Hamiltonian which helps pre-
serve computational tractability.
These reports motivate the study of irradiated
WSMs in the HFL [31, 32] and the effects generated
on the transport coefficients with a goal of obtaining
tunable handles on properties such as Hall conductiv-
ity, anamolous thermal Hall conductivity and Nernst
conductivity. The thermal transport coefficients of
WSMs carry signatures of exotic physics like the chiral
anomaly and Berry curvature, generating a significant
amount of recent experimental interest to characterize
such materials [33–35], to find potential applications
in nanodevices. Subtleties regarding the applicability
of the linearized minimal model close to the Lifshitz
transition [1] have been discussed here, and we have
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2taken care to conduct our analyses in the heart of either
WSM region. A stable WSM phase can obtained by
irradiating a Dirac semimetal with circularly polarized
light [36], and we show that this allows for controllable
Weyl node separation and effective Fermi surfaces,
leading to tunable off-diagonal transport coefficients.
Consider a time reversal symmetry breaking tilted
Weyl semimetal with two Weyl nodes of opposite chiral-
ity. The linearized Hamiltonian for such a system around
each Weyl node s = ± is given by [37]
Hs = ~Cs(kz − sQ) + s~vσ · (k − sQez) (1)
where Cs is the tilt parameter, which also is associated
with the type of the Weyl point. Here, v denotes the
Fermi velocity in the absence of the tilting term, 2Q is the
distance between the Weyl points in momentum space
along ez, and σ is the vectorized Pauli matrix.
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FIG. 1: (a) Fermi surface relative to Weyl node for
type-I WSM away from the Lifshitz transition. The
upper band is in orange and the lower band is in
blue. (b) Type-I WSM - failure of the linearized
model near the Lifshitz transition. (c) Fermi surface
relative to Weyl node for type-II WSM showing how
the linearized model can give us qualitatively
correct results by imposing a physical momentum
cutoff since the actual band structure (dashed lines)
have finite electron and hole pockets.
For type-I WSMs shown in Figs. 1(a) and 1(b),
the blue and orange lines indicate the linearized band
structure near the Weyl nodes (with their meeting
point being the Weyl point), the red lines indicate the
Fermi energy or highest occupied level, and the green
pockets indicate the zone filled by electrons. It is clear
from Fig. 1(b) that as we increase the tilt the higher
order momentum terms in the Hamiltonian become
relevant and while the actual electron pocket size is
finite as indicated by the the green zone (the dashed
boundary corresponds to the actual band structure with
higher order corrections), the linearized model predicts
infinite electron pocket sizes. Fig. 1(c) shows that for
type-II WSMs, past the Lifshitz transition, a physical
momentum cutoff needs to be introduced since the true
band structure admits only finite pocket sizes.
We use a polarized beam of form E(t) =
E0(cosωt,− sinωt), where E0 and ω are the amplitude
and frequency of the optical field. The Pierels substitu-
tion leads to ~ki → ~ki+eAi, where ~A(t+T ) = ~A(t), with
T = 2pi/ω as the periodicity. The full time-dependent
Hamiltonian has the form
Hs(k, t) = H0(k) + Vs(t) (2)
with H0(k) = Hs = ~Cs(kz−sQ)+s~vσ ·(k−sQez) and
Vs(t) = s~νA0(σx sinωt+σy cosωt). In the HFL, we map
to a time-independent problem by using Floquet theory
and employ the HFE [14, 38–41], for which a brief review
is provided in the supplementary material (Appendix A).
The effective time independent Hamiltonian for our
3system can be obtained as,
HsF = ~Cs[kz − s(Q+ ∆)] + s~vσ · [k − s(Q+ ∆)ez]
+ s~Cs∆, (3)
where ∆ =
~vA20
2ω , is the contribution of the radiation
field. It is to be noted here from eqn.(3) that the
form of the effective Hamiltonian is similar to the
original Hamiltonian in eqn.(1), with the Weyl nodes
being further displaced by a distance 2∆ in momentum
space. We restrict to the inversion symmetric case,
sCs = C,∀s = ±, and so there is an overall shift in the
total energy of both nodes by an amount equal to ~C∆.
In order to analyze the Nernst conductivities [43] and
anomalous thermal Hall conductivities [44–46] in both
the regimes of WSMs, we can now use the Kubo formal-
ism modified for Floquet theory [23–25]. The modifica-
tion to the standard form of the Kubo formula, used to
calculate the time-averaged conductivity tensor for peri-
odically driven systems, lies in the use of Floquet states,
quasi-energies, and the time averaging integral, as ex-
pained in Appendix B. We show in Appendix B (eqn.
B10) that for a Hamiltonian linear in momentum, this
can be simplified to the form
σab = i
∫
dk
(2pi)3
∑
α6=β
fβ(k)− fα(k)
β(k)− α(k) ×
〈eα(k)|Jb|eβ(k)〉 〈eβ(k)|Ja|eα(k)〉
β(k)− α(k) + iη , (4)
which resembles exactly the standard form of the Kubo
formula where Ja(b) represents the current operator,
the eα’s represent the states of the effective Floquet
Hamiltonian, and the ’s represent the corresponding
quasi-energies. The fα’s represent the occupations
which in general could be non-universal in systems
which are out of equilibrium. However, the steady-state
occupations resemble the Fermi-Dirac distribution with
the quasi-energies for a certain class of system-bath
couplings [42], and our results are valid for such cases.
In general, Mott’s relationship defines the anomalous
thermal Hall and Nernst conductivities as [43–46],
αxy = eLT
dσxy
dµ
, Kxy = LTσxy, (5)
where L = pi2k2B/3e
2 is the Lorentz number, e is the
electronic charge, and kB is the Boltzmann constanst.
The calculation of σxy using the Matsubara approach is
detailed in the supplementary material (Appendix C).
It is to be noted here that the electric field, sourced by
the small d.c. bias needed to measure transport proper-
ties in the linear response regime, has been suppressed in
eqn.(2), and we account for it in the conductivity tensor
calculation presented in Appendix C [eqn.(C2)]. From
eqn.(5), the Nernst and thermal Hall conductivities in
the T → 0 limit for a type-I WSM, are obtained as,
αxy =
−ek2BTC
18~2v2
Kxy ≈ k
2
BT
6~
[(
Q+ ∆
)
− C(µ− C∆)
3~v2
]
. (6)
Firstly, we note that Kxy varies smoothly around the
point µ = C∆, and that setting ∆ = 0 gives us back the
E(k)
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FIG. 2: Fermi surface relative to Weyl node for type-I
WSM showing that on lowering the effective chemical
potential we eventually get incorrect estimates of the
hole pocket size.
results in [1]. We rewrite the Hall conductivity in a sug-
gestive manner which shows that the Hall conductivity
grows monotonously with ∆.
Kxy =
k2BT
6~
[Q− µ
3~v2
C]+
k2BT
6~
[1+
C2
3~v2
]∆ = K0xy+K
∆
xy,
(7)
where K0xy is the Hall conductivity in the absence of
irradiation and K∆xy is the positive contribution of the
laser field. Since both nodes get an energy boost of C~∆,
the chemical potential which shows up in the Fermi-Dirac
distribution function is offset by it, and it’s instructive to
think of this as fixing the chemical potential and moving
the band structure for both nodes vertically. It’s clear
that as we increase the amplitude of the radiation field,
the effective chemical potential µ − C∆ decreases and
ultimately becomes negative. Since moving the effective
chemical potential further down amounts to increasingly
4incorrect hole pocket size estimations in the linearized
model (Fig. 2), with the dashed line indicating the ac-
tual band structure, one might worry about the limit of
validity of the result. However, the free carrier contribu-
tion is a second order effect, supressed by C
2
v2 , and the
dominant contribution to Hall conductivity comes from
the shift in node spacing, i.e. ∆, which is part of the
vacuum contribution, known to be cutoff independent.
Thus we can conclude that the Hall conductivity grows
with the amplitude of the irradiation field far away from
the linear regime. In Figs. 3(a) & (b), the anomalous
thermal Hall conductivity is plotted in units of (k2B/~)
as a function of optical frequency and temperature.
Since the linearized model predicts a linear dependence
of Kxy on µ in the type-I regime, the Nerst conductivity
is predictably constant and remains unchanged by the
optical field.
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FIG. 3: (a) Variation of thermal Hall conductivity with optical frequency for three different values of the
temperature for type-I WSM. The frequency axis is in units of 1012 Hz. (b) Variation of thermal Hall conductivity
with optical frequency and temperature for type-I WSM. The frequency axis is in units of 1016 Hz, and the
temperature axis is in units of 104K.
The Hall and Nernst conductivities for type-II WSMs
are presented below.
αxy = −ek
2
BTv
6~2C2
[
ln
( C2Λ
v(C∆− µ)
)
− 1
]
Kxy =
ek2BTv
6C~
[(
Q+ ∆
)
− (µ− C∆)
~C
ln
( C2Λ
v(C∆− µ)
)]
.
(8)
Considering the expression for Kxy, which depends
nonlinearly on the chemical potential, it is clear that it
decreases for increasing ∆, and we find that changing the
amplitude of the photon field affects the Nernst conduc-
tivity, which decreases logarithmically with increasing ∆.
For the correct qualitative description of the transport
coefficients, the momentum cutoff needs to be modified
for increasing A0 .
Finally, while the physical momentum cutoff is diffi-
cult to estimate without using a non-linear model, we
can provide a way to experimentally verify our findings
independent of the cutoff. Notice that we can eliminate
the Λ dependence from eqns.(8) to get:
[− 6~C
k2BTv
Kxy +Q+ ∆]
~C
C∆− µ =
6~2C2
ek2BTv
αxy + 1 (9)
Figs. 4(a) & 4(b) show the anomalous Hall conduc-
tivities for a range of Nernst conductivities and driving
frequency at fixed temperature, as defined by eqn.(9).
A pump-probe experiment (Appendix D) is a potential
candidate setup for the verification of the results stated
here. Such setups have been used to create stable
WSMs from Dirac metals and allow for the steering
of Weyl points [36]. Since the timescale for amplitude
modulation is orders of magnitude larger than the
oscillation of the field, the position of the Weyl nodes
is dictated by the frequency of the optical field, with
small variations due to amplitude modulation. Similar
5experiments have been also proposed for the transport
properties of other driven topological phases [20, 48–50].
The effective Floquet band close to the Weyl node can
be experimentally confirmed using time-resolved photo
emission spectrosocopy [36, 47].
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FIG. 4: (a) Variation of thermal Hall conductivity with optical frequency for three different values of Nernst
conductivity for type-II WSM. The frequency axis is in units of 1010 Hz. (b) Variation of thermal Hall conductivity
with optical frequency and Nernst conductivity for type-II WSM. The frequency axis is in units of 1016 Hz.
To conclude, in this letter we have considered the ef-
fects of an incident circularly polarized optical field on
two distinct classes of Weyl Semimetals in the HFL us-
ing Floquet theory. The corresponding changes in ther-
mal Hall conductivity and Nernst conductivity have been
calculated for the linearized model, with closed form ex-
pressions for the T → 0 case. These results and the
underlying physics can be summed up as follows.
For the effective Floquet Hamiltonian, we find that the
Weyl nodes separate further due to the radiation field de-
pendent parameter ∆. This also gives rise to a constant
term in the Hamiltonian proportional to ∆, which leads
to distinct shifts in the spectrum of each Weyl node and
is shown to be equal in the inversion symmetric case.
Thus, the effect of the latter is to change the effective
Fermi surface leading to an array of consequences for the
transport coefficients. The time-averaged transport coef-
ficients are computed using the modified Kubo formalism
applicable to Floquet states, and we show that the con-
ductivity tensor can be computed using the Matsubara
Green’s function formalism, the key point being that the
Kubo formula can be used in it’s standard form with the
states and energies in the expression being interpreted
as the states and quasi energies of the effective Floquet
Hamiltonian.
For the type-I WSM case, we find that the leading cor-
rection to the Hall conductivity arises from the Floquet
parameter ∆. There exist subleading order corrections
stemming from the true band structure which may not be
accurately captured by the linearized model. The Nernst
conductivity remains unchanged by the optical field be-
cause the Hall conductivty in the type-I regime shows a
linear dependence on the chemical potential.
In the type-II case, we find that the Hall conductivity
decreases with the amplitude of the incident laser beam,
holding the frequency fixed. The Nernst conductivity for
this type of WSM is affected by the radiation field as
the thermal Hall conductivity depends non-linearly on
the chemical potential. With increasing ∆, the Nernst
conductivity falls off logarithmically. The qualitative
and quantitative analyses of the transport properties of
WSMs presented here aims to the characterization of the
two types of WSMs.
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Supplementary Material: Photo-induced tunable Anomalous Hall and Nernst effects
in tilted Weyl Semimetals using Floquet theory
Appendix A: Floquet effective Hamiltonian
For the sake of completeness we provide a brief review of the Floquet theory. The off resonant condition (i.e. the
presence of only virtual photon processes)[1, 2] is maintained here, which effectively makes the system stationary, and
the static effective Hamiltonian in terms of the evolution operator U [3] is obtained as
Heff (k) = i~
T
logU, (A1)
where,
U = Ttime exp[
1
i~
∫ T
0
H(k, t)dt] (A2)
with Ttime as the time-ordering operator. The effective Hamiltonian Heff describes the dynamics of the system on the
time scale much longer than a period T , thus the response is described well by an average over a period of oscillation.
The matrix elements of the time-dependent Floquet Hamiltonian is [3, 8–12]
Hm,m
′
F = H0δm,m′ +m~ωδm,m′ +H
′
m,m′ (A3)
where H′
m,m′ = Vn =
1
T
∫ T
0
V(t)ei(m−m′ )tdt = 1T
∫ T
0
V(t)einωtdt, where V(t) is the time dependent periodic perturba-
tion term. Considering terms upto order 1/ω, the static time independent effective Hamiltonian is as follows
Heff = H0 + [V−1, V+1]~ω . (A4)
Note that all higher multi-photon state contributions vanish identically for our system.
Appendix B: Modified Kubo Formula in the context of Floquet Theory
Given a time dependent Hamiltonian H(t) influenced by a driving periodic potential Ad(t) = Ad(T + t), with T
being the period, one can exploit the periodicity of the gauge potential to write the eigenstates of H(t) in the form [5]
|Ψ(t)〉 = e−iαt |Φα(t)〉 . (B1)
The states |Φ(t)〉 are called Floquet states (analogous to the Bloch states for spatially periodic potentials) and they
satisfy |Φ(t+ T )〉 = |Φ(t)〉. These states also satisfy the Schrodinger equation with α’s being the quasi-energies.
H(t) |Φ(t)〉 = α |Φ(t)〉 . (B2)
The Floquet states are orthonormal under a time averaged inner product defined as
〈〈Φα(t)|Φβ(t)〉〉 := 1
T
∫ T
0
dt 〈Φα(t)|Φβ(t)〉 = δαβ . (B3)
When applied to a system driven by an off-resonant optical field (i.e. the frequency ω of the field is larger than
the bandwidth), real processes of photon absorption and emission cannot occur - this is why we stick to the high
frequency regime, so that there is no dissipation. However, the off-resonant light can affect the system via virtual
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2photon processes as described in [6]. The physics of such virtual processes can be captured order by order by Fourier
transforming the Floquet states to momentum space.
|Φ(t)〉 =
∑
m
e−imΩt |umα 〉 (B4)
In the equation above, m is the Floquet index and it describes the order of the virtual photon process, while α is
the band index for the full Hamiltonian. The states |unα〉 are related to the Floquet Hamiltonian as [5]
∑
n
HmnF |unα〉 = (α +mΩ) |umα 〉 , (B5)
with the Floquet Hamiltonian matrix elements defined as
HmnF =
1
T
∫ T
0
dtH(t)e−i(m−n)Ωt. (B6)
The full Floquet Hamiltonian has a Sambe space [6] (equivalent to a Hilbert space but used in context of Floquet
theory) given by F = Ω⊗H2x2, where H2x2 is the Hilbert space of the undriven Hamiltonian, and Ω is the space
corresponding which captures the different virtual photon processes. This Hamiltonian can be approximated to linear
order in perturbation theory in the high frequency expansion (HFE) as HFeff = H0,0 + 1Ω [H−10,H10], as used in our
manuscript. The point of the effective Floquet Hamiltonian is that it shares the same quasi-energies and states of the
full Floquet Hamiltonian to leading order in perturbation theory. The eigenstates of the effective Floquet Hamiltonian
are defined as
HFeff |eα〉 = α |eα〉 , (B7)
and they are related to the Floquet states |unα〉 as
|eα〉 =
∑
n
|unα〉 , (B8)
as shown in [7]. The authors of [5] state the form of the time-averaged conductivity tensor σab in the form of the
Kubo formula, modified for the Floquet states in Eqn. (B2) as
σab = i
∫
dk
(2pi)d
∑
α 6=β
fβ(k)− fα(k)
β(k)− α(k) ×
〈〈Φα(k)|Jb|Φβ(k)〉〉〈〈Φβ(k)|Ja|Φα(k)〉〉
β(k)− α(k) + iη (B9)
This is very similar to the Kubo formula with the following modifications: The energies have been replaced with
the Floquet quasi-energies and the current correlation functions are time averaged. The f ’s are the Fermi distribution
function which take on a non-universal character out of equilibrium. Given the system described in our work, the
current operator defined as J = ∂H(t)∂Aµ = ~Csδµz + s~vσµ is independent of time. We evaluate the current correlation
function above using the Fourier decomposition of Eqn.(B4) as
〈〈Φβ(k)|J |Φα(k)〉 = 1
T
∫ T
0
dt
∑
m
∑
n
e−iΩ(n−m)t 〈umα |J |unβ〉
=
∑
m
∑
n
δnm 〈umα |J |unβ〉
=
∑
n
〈unα|J |unβ〉 , (B10)
where the simplification arises because the time dependent parts factor out.
3As derived in [7] (section III), in the HFE we find that |unα〉 ∼ O(ω−n), and so to leading order only the zeroth level
Floquet states |u0α〉 contribute. Now, |u0α〉 is given in terms of the eigenstates of the effective Floquet Hamiltonian
from Eqn.(B8), and thus the current correlator in Eqn. (B10) can be re-expressed as
〈〈Φβ(k)|J |Φα(k)〉 =
∑
n
〈unα|J |unβ〉 = 〈u0α|J |u0β〉 = 〈eα|J |eβ〉 . (B11)
The main point here is that the expectation value of observables are correctly computed using the eigenstates of the
effective Hamiltonian to leading order in perturbation theory. This brings the expression for the conductivity tensor
on the r.h.s. of Eqn.(B9) to exactly the Kubo form for the undriven case with the use of effective Floquet states and
quasi-energies.
σab = i
∫
dk
(2pi)d
∑
α 6=β
fβ(k)− fα(k)
β(k)− α(k) ×
〈eα(k)|Jb|eβ(k)〉 〈eβ(k)|Ja|eα(k)〉
β(k)− α(k) + iη (B12)
Since the Kubo formula as stated above is identically expressed using the Matsubara Green’s function approach,
using the effective Floquet states and quasi-energies in the Matusbara formalism yeilds the same conductivities as
the one computed using Eqn.(B12). In the undriven case, the Matsubara formalism uses the Green’s function derived
from the Hamiltonian, and here it will correspondingly require the use of the Green’s function of the effective Floquet
Hamiltonian.
We note that the Fermi distribution is not universal for systems which are out of equilibrium but for some cases of
system-bath couplings [4], the steady state distribution becomes thermal, and we restrict our results to such cases.
Additionally, the electrode chemical potential will be tiny in the regime of linear response as compared to the intrinsic
chemical potential of the system, and so we ignore the electrode chemical potential in our calculations. This allows us
to write the chemical potential in the Kubo formalism as a constant i.e. without accounting for sources at the boundary.
Note also that one could have conducted the calculation above using an additional slowly varying gauge field, which
is then subsequently set to zero as we take the zero-frequency limit in the Kubo formula (i.e. the linear response
regime), as done by the authors of [5]
Appendix C: Hall Conductivity Computation using modified Kubo Formalism
The modified form of the Kubo formula as applicable to Floquet states of a strong and periodically driven system
(derived in appendix B) is used in this appendix to compute the analytical form of the zero-temperature time-averaged
components of the conductivity tensor. The time-averaged anomalous Hall conductivity for the tilted WSM under
the action of the circularly polarized light may now be derived from the zero frequency and zero wave-vector limit (i.e.
the limit of an infinitesimal d.c. bias) of the current-current correlation function, constructed using the Matsubara
Green’s function method (with ~ = 1):
Πij(Ω,q) = T
∑
ωn
∑
s=±
∫
d3k
(2pi)3
J
(s)
i Gs(iωn,k)J
(s)
j Gs(iωn − iΩm,k− q)
∣∣∣∣
iΩm→Ω+iδ
, (C1)
where i, j = {x, y, z}, T is the temperature (setting the Boltzmann constant as unity) and ωn(Ωm) are the
fermionic(bosonic) Matsubara frequencies. Here Gs(iωn,k) is the single particle Green’s function of the electron
and J
(s)
i = e (Csδiz + svσi) is the current operator with δij as the Kronecker delta. One can relate the Hall conduc-
tivity to the current-current correlation function as follows,
σxy = − lim
Ω→0
Πxy(Ω, 0)
iΩ
. (C2)
The one-particle Green functions have the following form
Gs(iωn,k) =
1
2
∑
t=±1
1− stσ · k−s(Q+∆)ez|k−s(Q+∆)ez|
iωn + µ− Cs(kz − s(Q+ ∆) + tv|k− s(Q+ ∆)ez| − sCs∆ , (C3)
4where µ is the chemical potential. We sum over the Matsubara fermion frequencies and trace over Pauli σ-matrices
to obtain the following form
Πxy(Ω, 0) = Π
(+)
xy (Ω, 0) + Π
(−)
xy (Ω, 0), (C4)
where we have separated the contributions from the two Weyl cones
Π(s)xy (Ω, 0) = Π
(s)
0 (Ω, 0) + Π
(s)
FS(Ω, 0), (C5)
Π
(s)
0 (Ω, 0) = −se2
∫ Λ0−s(Q+∆)
−Λ0−s(Q+∆)
dkz
2pi
∫ ∞
0
k⊥dk⊥
2pi
2v2Ωm
Ω2m + 4v
2k2
×kz
k
∣∣∣∣
iΩm→Ω+iδ
, (C6)
Π
(s)
FS(Ω, 0) = se
2
∫ Λ−s(Q+∆)
−Λ−s(Q+∆)
dkz
2pi
∫ ∞
0
k⊥dk⊥
2pi
2v2Ωm
Ω2m + 4v
2k2
×kz
k
{
nF (Cskz + vk − µ+ sCs∆)− nF (Cskz − vk − µ+ sCs∆) + 1
}∣∣∣∣
iΩm→Ω+iδ
. (C7)
Π0 denotes the vacuum contribution for µ = 0, whereas ΠFS is the contribution of the states at the Fermi surface.
nF (E) = (e
(E−µ)/T + 1)−1 is the Fermi distribution function and k =
√
k2z + k
2
⊥. The cut-off Λ0, which is introduced
in the kz integral, is known not to affect the vacuum contribution to the Hall conductivity. However, the other cutoff
in ΠsFS ,which is denoted as Λ, is crucial for finite Fermi surface effects in both the type-I and type-II regime.
Using eqn. (C6), we have
σ(s)xy = σ
(s)
0 + σ
(s)
FS , (C8)
σ
(s)
0 = −e2
∫ Λ0−s(Q+∆)
−Λ0−s(Q+∆)
dkz
2pi
∫ ∞
0
k⊥dk⊥
2pi
skz
2k3
, (C9)
σ
(s)
FS = e
2
∫ Λ−s(Q+∆)
−Λ−s(Q+∆)
dkz
2pi
∫ ∞
0
k⊥dk⊥
2pi
× skz
2k3
[
nF (Cskz + vk − µ+ sCs∆)− nF (Cskz − vk − µ+ sCs∆) + 1
]
. (C10)
Importantly, one should note that skz/2k
3 is the z-component of the Berry curvature of the Weyl cone with chirality
s. Interestingly, both the tilt Cs and the Floquet parameter ∆ term has no effect on the Berry curvature component,
but only affect the Fermi-Dirac distribution function.
Taking the T → 0, and performing the k⊥ integration, we get
σ
(s)
0 = −
se2
8pi2
∫ Λ0−s(Q+∆)
−Λ0−s(Q+∆)
dkz sign(kz), (C11)
σ
(s)
FS = −
se2
8pi2
∫ Λ−s(Q+∆)
−Λ−s(Q+∆)
dkz
[
sign(kz)− vkz|Cskz − µ+ sCs∆|
]
× [(Θ (v2k2z − (Cskz + sCs∆− µ)2)− 1] , (C12)
where Θ(x) is the Heaviside function.
σxy = σ0 + σFS (C13)
σ0 = − e
2
4pi2
∫ Λ0−(Q+∆)
−Λ0−(Q+∆)
dkz sign(kz) =
e2
2pi2
(Q+ ∆) (C14)
Noticeably, the optical field has lead to a positive offset to σ0. In this case the Fermi surface contribution to the
Hall effect can be written as
σsFS =
−se2
8pi2
∫ Λ−s(Q+∆)
−Λ−s(Q+∆)
dkz
[
sign(kz)− vkz|Cskz − µ+ sCs∆|
[
θ
(
v2k2z −
(
Cskz + sCs∆− µ
)2)
− 1
]]
(C15)
The integral can be evaluated for both types of WSMs as stated in the main text.
5Appendix D: Schematic Design for Experimental Realization
TC
Thermal Hall Current
WSM Material
D.C. Power Source
Circularly Polarized Laser Beam
FIG. 1: A schematic for an pump-probe experiment to measure the anomalous thermal Hall conductivity of a WSM sample.
TC represents a thermocouple which may be used to determine the temperature gradient which maps to the thermal Hall
current.
We propose the use of the experimental setup in Fig. 1 (of the appendix) above to test the validity of our results,
where the WSM sample is connected to two metallic leads which introduce a small d.c. bias (consistent with the
use of linear response theory), and the thermocouple measures the transverse temperature gradient which is directly
related to the thermal Hall current [13]. The circularly polarized irradiation field should possess a frequency governed
by −ω/2 < E < ω/2, where E represents the band energy close to the Weyl points, i.e. in the linear dispersion
regime. The purpose of the d.c. source is to induce a transverse Hall, and consequentially, an anomalous thermal
Hall current.
In principle, one can design a pump-probe experiment, which serves the dual purpose of driving the system
into a non-equilibrium state with high temporal resolution, as well as measuring the transport properties of the WSM
sample. Note that the frequency of the pump pulse (ωpump) is usually significantly smaller than the frequency of the
optical field (ω), i.e. ωpump << ω, and the high frequency ω implies that the Floquet bands are well separated [14],
additionally increasing the precision of the high frequency expansion. For a choice of polarization of the optical field,
the dispersion relation for this system can be verified using time-resolved angle-resolved photoemission spectroscopy
(tr-ARPES [15, 16]. It is also possible to directly measure the Nernst and anomalous thermal Hall conductivities by
conventional transport experiments [17–19], using the two distinct classes of WSMs used as samples.
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